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BLOCK SUBSPACE KRYLOV METHODS
We consider the linear systems of equations with multiple right-hand sides
AX=F, AcC™™ FeC' XeC' 1<s<n. (1)
Which is equivalent to the s-linear systems of equations
2D =fD for i=1,...,s (2)

m To solve problem (1), several block methods have been developed.

e Standard GMRES (Classical GMRES)
e Block GMRES
o Global GMRES

Reference

o L. Elbouyahyaoui, A. Messaoudi and H. Sadok, Algebraic Properties of Block
Arnoldi algorithm and Block GMRES method, Elect. Trans. Num. Anal., 33
(2009) pp. 207-220.
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definition
Consider the linear system of equations

Az® — f(i)

o For the GMRES method, the iterates {xg)} are defined by the following
conditions

Standard-GMRES
2 — o € Ki(4,r§),
Ard ry=0  for j=1,...,k,
where r{? = £ — Az

reference

Y. Saad, Iterative methods for sparse linear systems, PWS. Publishing Company
(1996).
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definition : Matrix Krylov subspace
Let
K (A, U) = span{U, AU, ..., AF" U} c C™**

denote the matrix Krylov subspace spanned by the matrices U, AU, ..., A*=1U,
where U is an n x s matrix. Note that Z € K¢ (A, U) implies that

k
Z = Y AU, o;€C, j=1,...,k
j=1

Reference

o K. Jbilou, A. Messaoudi and H. Sadok, Global GMRES algorithm for solving
nonsymmetric linear systems of equations with multiple right-hand sides.
Applied Num. Math., 31 (1999) pp. 49-63.
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Global-GMRES

The global GMRES method constructs, at step k, the approximation Xj satisfying
the following two relations

Global-GMRES
Xip — Xo € K (A, Ro) and (A’Ro, Ry)p =0, forj=1,...,k,

where we define the inner product (Y, Z)r = trace(Y Z) (where Y denotes the
conjugate transpose of Y). The associated norm is the Frobenius norm || . ||#.
We can also use the following inner product

Y,z2)= > Yz

1<ij<s

Convergence

If d is the degree of the minimal polynomial of A with respect to Rp, then

Rq = 0.

Hassane SADOK (ULCO) Krylov subspaces methods 2012 5 / 36



Global-GMRES

The residual Ry = F' — AX}, satisfies the minimization property

|Rellr = min [Ro — AZ||p. (3)
7 € Kk (A,Ro)
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Definition of BGMRES method

K (A, Ro) denote the matrix Krylov subspace defined as

Ki(A,Ro) = blockspan{Ro,ARo,...,A* 'Ry} (4)
k
= {ZAkROQi/Q,- € (CSXS}. (5)
i=1
Let (A, Ro) Z’Ck (A,r{),

ww For i =1,...,s we have x,;) = a:ol + Bi(A, Ro).

reference

M.H. Gutknecht, Block Krylov space methods for linear systems with multiple
right-hand sides : an introduction, in Modern Mathematical Models, Methods and
Algorithms for Real World Systems, A. H. Siddiqi, I. S. Duff, and O. Christensen,
eds., Anamaya Publishers, New Delhi, 2005, pp. 420-447.
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For nonsymmetric problems, the BGMRES [Vital 1990]
generate an approximate solution Xj over the matrix krylov subspace K (A, Ro)
with orthogonality condition on the residual Ry.

Block GMRES

X — Xo € Kk(A, Ro)
Ry = F — AX), L AKy(A, Ry),

Reference

e B. Vital Etude de quelques méthodes de résolution de problemes linéaires de
grande taille sur multiprocesseur, Ph.D. thesis, Université de Rennes, Rennes,
France, 1990.

e V. Simoncini and E. Gallopoulos, Convergence properties of block GMRES and
matriz polynomials, Linear Algebra Appl., 247(1996), pp. 97-119.

e V. Simoncini and E. Gallopoulos, An [terative Method for Nonsymmetric
Systems with Multiple Right-hand Sides, SIAM J. Sci. Comp., 16(1995), pp.
917-933.
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Block GMRES Algorithm

The definition of BGMRES is equivalent to

X = Xo+ Zy
| Ro—AZy |lp= _min || Ro—AZ ||r. (6)
Z€eKy, (A,Ro)
Thus BGMRES method proceeds as follows
ALGORITHM (BGMRES)
@ Choose Xo € CN** and compute Ry = F — AXo.
© Ro =ViHi,0(The QR factorisation of Ro);
@ Forj=1, ...,k do
construct V; and Hj; by block Arnolds.
@ Solve the least squares problem :
Yi = arg mm || Ro — AVLY ||F,
yecks
@ The approximate solution is Xy = Xo + Vi Yk.
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Let U be an N x s matrix. An Arnoldi-type algorithm constructs a basis
{Ve,...,Vi®} of KE(A,U), which satisfies an orthogonal property. Moreover the
block matrix Vg = [Vi*,...,V;?] is such that the matrix H} = V*} AV*}, is an upper
block Hessenberg.

We examine three possibly choices of orthogonality. Let ®® be the map :

C"**x € C™"*® —» C*** defined for e € {B, S, G} by

(X, Y) = X"y,
®°(X,Y) = the diagonal of the matrix (X?Y),
% (X,Y) = trace(XTY)I, = (X,Y)rI,

VX € C"*® and YYC™*°.

If ®2(X,Y) = X”Y =0, then the block-vectors X,Y are called block-orthogonal by
Gutknecht. Similarly X is called block-normalized if X" X = 1I,. Of course the vector
space of C"*° of block vectors is an Euclidean space, which is a finite-dimensional
inner product space with the inner product : (X,Y)r = trace(X7Y). If (X,Y)p =0,
then X and Y are called F-orthogonal. If ®°(X,Y) = diag(X™Y) = 0, then X and
Y can be called diagonally orthogonal.
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The Block Arnoldi-type algorithm
@ Let U be an n X s matrix.

© Compute V;* € C***® by determining the factorization of U :
U=V{Hiy,Ht o € C*°, such that Hf o = ®*(V;*,U) and ®°*(V;*,V}") = L.
@ for i=1,... .,k do
Compute W = AV®.
for j=1,...,i do
o HY, ="V, W)
e W=Ww-V'H,

End
Compute H? 1, by determining the decomposition of W : W = V% ;| H? 1,60 such
that H,, , = ®*(V%,, W) and (V% ,, V%) = L.

@ End
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For ®*(X,Y) = ®%(X,Y) = X"V, the preceding algorithm reduces to Block
Arnoldi, which builds an orthonormal basis {VlB I v } such that the block matrix
VE = [VB,..., VP satisfies (VB) VP = L.
It is well known that

AVE = VEHE + Vit Hiy w B (7)

where EF = [Os,...,0s, Is] € R®*™,

Hiyw Hio ... Hig—1 Hy g
Hyy Hzo ... Hyp1  Hop
_ Hzo ... Hzp1 Hizp
Hy = . .
Hir—1  Hppg
Hyi1k
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The Block Arnoldi algorithm

ALGORITHM
The Block Arnoldi algorithm

@ Let U be an N X s matriz.

@ Compute the N x s Vi € RN*® by finding the QR factorization of U :
U=ViR,R € R**°
Q fori=1,...,k do
Compute W = AVj.
for j=1,...,i do
0 Hji=VW
o W=WZVH;,
End
Compute H;y1; by finding the QR decomposition of W : W = Vi1 Hiyq 5

@ End
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The Global-Arnoldi algorithm

The Global Arnoldi algorithm

1. Set Vi =V/||V|F.

2. Forj=1,...,k do
V=Av;,
fori=1,...,5. do

hij = (Vi,V)F,
V=V —hi;Vi,
endfor
hiv1; =[ V|,
Vit1 = V/hjt1,5.
EndFor.
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Block GMRES Algorithm

The definition of BGMRES is equivalent to

X = Xo+ Zy
| Ro—AZy |lp= _min || Ro—AZ ||r. (8)
Z€eKy, (A,Ro)
Thus BGMRES method proceeds as follows
ALGORITHM (BGMRES)
@ Choose Xo € CN** and compute Ry = B — AX,.
© Ro =ViHi,0(The QR factorisation of Ro);
@ Forj=1, ...,k do
construct V; and Hj; by block Arnolds.
@ Solve the least squares problem :
Yi = arg mm || Ro — AVLY ||F,
yecks
@ The approximate solution is Xy = Xo + Vi Yk.
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GMRES polynomial

If we denote by K the Krylov matrix Kj = [ro, ..., A¥"! 7], then the GMRES

polynomial is defined by

1 13 . %
(A’I"()7’r'0) (A’r‘o,A’l"o) (AT‘(),AkT’())
GMRES(g) . (Ak To,To) (Ak ’I’o,A’I‘o) (Ak ’I’o,Ak T0
Pr - det(KT AT A Ky)
GMRES
o We have pgMEFS(0) = 1 and rGMEES — pGMRES(A)p,.
o pPMEES() =1-(¢ & ... E)NKFATAK,) 'KLATr.
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Convergence results for GMRES

Diagonalizable matrices

If the matrix A is diagonalizable A = X A X!, and A = diag(\1, - .., \n). It is well
known that

1 .
sl < HrollIXIHIXT7 _ min - max |p(Ai)],

PEPy,p(0)=1 i=1,...,n

where )\; is an eigenvalue of A.
If r, = p(A) ro, then

Il = 11X p(A) X~ ol < £(X) [Iroll [Ip(A)]]-

where x(X) = || X|| || X "] is the condition number of X.

However since the matrix X is not uniquely defined. We can write

[
lI7oll

<inf k(X i i
o) mim w0l
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Diagonalizable matrix

Let us study the possible simplest case (n = 2, k = 1). Then A = X diag(A1, \2) X

and
XX = ( Loa ) with |e1] < 1.
c 1
The exact residual norms is given by
(1 —ler?) loa | Joa|? A2 — A [?
o 2| A1 |2 + 2Re(cran At da) + |az|?[A2)?’

llral* =

with ro = X (a1, az)T
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Convergence results for GMRES : Example

||l
[Iroll

In order to obtain the optimal bound for

we have to solve an optimization

problem.

Diagonalizable matrices : Example

If we assume that all the parameters are reals and A1 A2 > 0, we obtain

||T1|| S /1_|cl|2 |)\2_)\1|

[I7ol] A1 — 2c1v/ A e + Ao

It is obvious that this bound refines the classical ones.

Il o Vitlal e =l
lIroll = /1= [ea] 1Ml + X2

lIrall o [A2 =
lIroll = [Aal+ [ Ae]

If ¢c1 = 0, the
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Normal matrices (n > 2, k = 1)

Then A = X diag(Ai, X2, ..., An) X Land XHX =1

C Yicicjen ol g X = X2

2
r =
L P WE N P e Wl

with 70 = X (a1, ..., an)%.

|ra]> Dicicj<n BiBilXi — Ajl?
[Iroll? =

> Bl

=

:Fl(ﬂlw"vﬁn)y

|ai|?
. .
2
> oyl
=1

We have 0 < 8; < 1 and 37, B; = 1.

where §; =
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Il _ o e
rolfe = 1)

Fi(8") = max fi(B)
£ o

B;>0
i=1,...,n

If all eigenvalues are reals, we have

N |)‘i2_)‘i1| 2_
Fl(ﬂ)‘(wwm =0

and B = 0if j & {i1,42},
B=L1-VE) ad = L0+Ve).

Consequently 7, = 0.
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(n>2,k=1)
If one of the eigenvalues is complex, we have C' < % ?,

. iy = Aiy ) ( iz = A | )
F P <C T~ 1 <~ .
15 ( 4) <S¢\l

le*fin X, — e*fiz )\

2 0 0
Exemple : Let us consider the following matrix, A= |0 2+ 0],
0 0 3
. 3 .. 6 ., 4
Q 51 _Tg’ﬁz =13 and 33 = 13
. L 3+21 2—31
© The optimal choice is given by e*%1 = ——,e'"”2=—— and
P ) = Y V13 V13
et% = _74—32 We have also
V13
6291 )\1 6191 )\1 ’ 6102 >\2
109 20, 20
e A e”s A e”s A
5% 2 | _ 3 | _ 3
1 )\1 1 )\1 1 )\2
1 X 1 A3 1 A3

. 1
© We have ”T;H < VT and 72 # 0
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(n>2k=2)

k = 2, we obtain
lIr2ll? 2255k BiBi BrlXs — il Ak = N1 A — Aal?
Iroll ., BB PP, — AP

We assume that {1,2,3,4} C Sp(4) C [1,2] U [3,4]

* 3 * * 3 * * 1 * 1 1
© We have 37 Ig—ﬁ4aﬁ2 Zg—3ﬁ4,ﬁ3 =—5+354,andﬁ4€ [B’ g]

(2]

Iral _ 3

Iroll = 5
(3]

ol 1

Iroll = 5

rs # 0, but r4 = 0.
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Influence of the initial residual

Theorem

Let us assume that the columns of X are normalized i.e. | X;|| = 1 where
X = [X1,...,X,] . If we expand 7o in the eigen-basis ro = X «, then

llrsll < (Z |ai|> min max [p(A)].
i=1

peP), AET(A)

If the matrix A is normal ( X X = I), then we have

lIrell < min max [p(A)].

pEePy Ao (A)

n
2 el
=1

where 73k is the set of polynomials of degree less or equal to k, such that p(0) = 1.

v
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Proof

Let Kj be the Krylov matrix whose columns are ro, Aro, ..., A* 1 1o, we have :

[HS, Habilitation Thesis]

det (Kiy 1 Kkt1) 1
If ||r 0 then ||r&|? = s = .
” k” 7é ” k“ det(K,fIAHAKk) 6? (K;ﬁ_lKk-s-l)_l -

o [1] I. Ipsen, Expressions and bounds for the Gmres Residual, BIT, 38 (1998)
1
101-104 ||rg)| = —————.
llef (K1)l

o It is not obvious how the expressions for normal matrices in [1] compares to
existing polynomial bounds (Min-Max).
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Ipsen Decomposition

1
(X DaVir1))? el
1

sl =

2
llill™ =

ef (VH DEXHXDq Vip1) ™

where

1 M\

1 X
D, = diag(aq, @z, ..., an), Vi =

1 A
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Comparison

Theorem
Introduce the function

1

F t = bl 11
O = T DV T )
where t = (¢4, ... ,tn)T«
P = pl,"'ypn) Werepl_ [ ) e
j=1 |o;

Irill® < Z|az 2 Fulp).

Let the matrix A in addition be normal, then

I * = (Z |ei|*) F(8)

04'2
where 8= (B1,...,B.)" and B = %
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the saddle point problem with multiple right-hand sides

Many problems in Science and Engineering require the solution of the saddle point
problem with multiple right-hand sides.

GOEGE
A X B

Where A € R™*"™ is symmetric positive definite matrix and BT € R™*™ has full
column rank, with X € R"*°, Y ¢ R™*° and F € R"*°, G ¢ R™*" .
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Convergence analysis of the global GMRES method

In this subsection, we recall some convergence results for the global GMRES method.
Let A= ZDZ ' where D is the diagonal matrix whose elements are the eigenvalues

Aly -y Antm, and Z is the eigenvector matrix.
Let the initial residual Ry be decomposed as Ro = Z/3 where § is an (n+m) X s
matrix whose columns are denoted by BM ..., B Let R, = B — AX, be the kth
residual obtained by the global GMRES when applied to (12). Then we have
z 2
(1N — 1 S— (13)
€] (Vk+1'DVk+1) €1
where
|89 )2
; D VD ¢
D = ) and V41 =
s k
S @ P L i eee Ml
i=1
(14)
The coefficients Bil), e ,Bfﬁrm are the components of the vector 8% and e; is the

first unit vector of R**1.

Hassane SADOK (ULCO) Krylov subspaces methods 2012 29 / 36



Preconditioning

In this following section we present the preconditioner Py, for solving saddle point
problems with multiple right-hand sides (12). Now we propose the preconditioner P,
for solving saddle point problems with multiple right-hand sides (12)

A BT i _ _
Pp:(eB aQ>,Wltth1AX:pPIB. (15)

Where A € R™*™ is a symmetric positive definite matrix, B € R™*" has a full row
rank and Q is an approximation of Shur complement S = —BA *BT and a > 0.
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Preconditioner factorization

The preconditioner has the block-triangular factorization

A BT I o A O I A 'BT
Pp:(eB aQ):<eBA’1 1)(0 5)(0 I ) (16)

where S = (aQ — eBA™'B”) .
If e = 1, the block S is positive definite matrix for all aAmin(Q) > )\max(BA_lBT).
Thus the inverse of the preconditioned matrix P, is given by the following equality

T \ ! _A-1pT AL
Pglz(i f@) :(é < )( 0 §91)(B,4{—1 ?)'(17)
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Preconditioned matrix

If € = —1, the preconditioned matrix P, L A can be rewritten as follow

L, (A B™\'/ A B\ (I K
Py A_( —-B aQ > -B O “\O0 Ky )’ (18)
where S = (aQ + BA™'B"), K1 = A7'B" — A7'B"S'BA™'B" and
K, =S"1'BA'BT.
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The precondioned Global GMRES

ALGORITHM
Algorithm 2 : The precondioned Global GMRES

:PpVi = Ro, Vi = Vi/||VillF
sforj=1,2,..k do;

s PW = AV ;

sfori=1,2,....,5 do;

CH g =< W,V >F;

W =W — Hq;j‘/i;

:end;

fHjp; = |[W]|r;

:Vitr = W/Hjpa 5

10 : Solve the linear system Hy ry = Be1 fory;
11 : Set X = Xo + Vi oy and R, = B — AX ;
12 : end for

© 0 3 O GrAs W =
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The precondioned Global GMRES

At each step of applying the preconditioner P, inside the GMRES algorithm, we need
to solve the system 1 and 3 of algorithm 2. For a given matrix V' = [Vi; V2] where
V1 € R™*® and Vo € R™*°. Let Z = [Z1; Z»), where Z; € R"*® and Z, € R™*°.

(4 2)(2)=(%) -

We can solve (19) by using the following algorithm.

Algorithm 3 :

1 1
1 : Solve <A+ EBTQ’1B> Zi=Vi — aBTQ*VQ;
—_—————
Aq J
2 : Compute Zs = éQ‘l(Vg + BZ1);

The matrix A, is symmetric positive definite. Therefore, we can solve the system
with the coefficient matrix A, by the preconditioned global CG method or by the
preconditioned global MINRES method inexactly.
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Numerical resultS

Table 3 : Numerical results for multiple right-hand sides with global

approach .

o Pp Pvpss Pr Pr
10~° IT 4 [ IT 72 || IT 83 [ IT
CPU 1.46 | CPU 4.85 || CPU 2.81 || CI

RES 1.25e-04 | RES 1.08¢-05 || RES 9.10e-07 || RI

ERR  6.06e-03 ERR  6.27e-05 ERR  7.68e-06 EF

10~% IT 8 | IT 75 || IT 94 [ IT
CPU 1.83 | CPU 5.28 || CPU 3.24 || CI

RES 3.93e-06 | RES 1.25¢-06 || RES 1.09¢-06 || RI

ERR  3.43e-05 ERR  8.73e-06 ERR  9.23e-06 EF

103 IT 14 | IT 74 [ 1T 87 || 1T
CPU 1.58 | CPU 5.03 || CPU 3.64 || CI

RES 1.17¢-07 | RES 8.59¢-07 || RES 1.03e-06 || RI

ERR  1.79e-06 ERR  6.27¢-06 ERR  7.72¢-06 EI

1072 IT 27 | IT 74 || IT 78 || IT
CPU 1.54 | CPU 5.09 || CPU 3.65 || CI

RES 1.18¢-08 | RES 1.10e-07 || RES 1.22¢-06 || RI

ERR  1.69e-07 ERR  1.45e-06 ERR  9.58¢-06 EI

1071 IT 40 | IT 55 || IT 67 || IT
CPU 2.15 | CPU 2.50, || CPU 4.35 | CT
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Thank you for your attention
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